Is Gravitational Mass of a Composite Quantum Body Equivalent to its Energy? 
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We define gravitational mass operator of a hydrogen atom in the post-Newtonian approximation 
of the General Relativity and show that it does not commute with energy operator. Nevertheless, the 
equivalence between the expectation values of gravitational mass and energy is shown to survive for 
stationary quantum states. Inequivalence between gravitational mass and energy at a microscopic 
level reveals itself as unusual electromagnetic radiation, emitted by the atoms, supported and moved 
in the Earth gravitational field, which can be experimentally measured. Inequivalence between 
gravitational mass and energy at a macroscopic level results in time dependent oscillations of the 
expectation values of gravitational mass for mixed quantum states. 
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One of the major problems in physics is known to be a 
creation of the so-called " Theory of Everything" - unifica- 
tion of all fundamental forces in nature, including electro- 
weak, strong, and gravitational ones. In this context, the 
most difficult step is a creation of quantum gravitational 
theory. This even may not be possible in the feasible 
future, since the fundamentals of the quantum mechan- 
ics are very different from that of the General Relativity 
(GR). In this situation, it is important to find a way to 
combine the quantum mechanics with some non-trivial 
approximation of the GR. This allows to introduce some 
novel physical ideas and phenomena, which can be hope- 
fully experimentally studied. So far, to the best of our 
knowledge, only trivial quantum mechanical variant of 
the Newton approximation of the GR has been experi- 
mentally tested in the famous COW [1| and ILL [2j ex- 
periments. On the other hand, such important and non- 
trivial quantum phenomena in the GR as the Hawking 
radiation Q and the Unruh effect Q are still far from 
their direct and firm experimental confirmations. 

It is known that gravitational mass of a composite 
classical body in the GR is not a trivial notion and is 
a subject of several paradoxes. One of them is related 
to application of the so-called Tolman formula Q to a 
free photon, which formally results in a doubling of pho- 
ton active gravitational mass [H 0] . The solution of this 
paradox is due to an account of stress in the walls of 
a container [fj, containing photon, which compensates 
the above mentioned increase of photon mass. More pre- 
cisely, it is shown [6] that averaged over time gravita- 
tional mass of a photon in a container with mirror walls 
is E/c 2 , where E is photon energy. Importance of the 
classical virial theorem for the equivalence between aver- 
aged over time gravitational mass and energy of different 
composite classical bodies is stressed in Refs.0, 0|- I n 
particular, it is shown that electrostatic binding energy, 
U , contributes to passive and active gravitational masses 
as 2/7/c 2 , whereas kinetic energy, K, contribution to the 
gravitational masses is 2>K/c 2 p], @| • Application of the 



classical virial theorem, which claims that averaged over 
time potential energy, < U >{, equals to -2 < K > t in 
the above mentioned case, results in the equivalence be- 
tween averaged over time gravitational mass and energy, 
< m > t = E/c 2 . 

The main goal of our Letter is to consider a quan- 
tum mechanical problem about interaction of a compos- 
ite body (e.g., a hydrogen atom) with an external grav- 
itational field (e.g., the Earth). The first our result is 
that the equivalence between gravitational mass and en- 
ergy may survive at a macroscopic level. In particular, 
we show that the quantum virial theorem [9] results in 
equality between the expectation value of gravitational 
mass and energy, divided into c 2 , for stationary quan- 
tum states. The second our result is a breakdown of the 
equivalence between gravitational mass and energy at a 
microscopic level. In the Letter, we define gravitational 
mass operator of a hydrogen atom in the post-Newtonian 
approximation of the GR and show that it does not com- 
mute with energy operator. Therefore, an atom with 
definite energy E is not characterized by definite gravi- 
tational mass in an external gravitational field. Gravita- 
tional mass is shown to be quantized and can significantly 
differ from E/c 2 . We discuss how the above mentioned 
phenomenon can be experimentally observed. In particu- 
lar, we suggest experimental investigation of electromag- 
netic radiation, emitted by macroscopic ensemble of the 
atoms, supported and moved with constant velocity in 
the Earth gravitational field [l(|. The third our result 
is that the equivalence between the expectation values of 
gravitational mass and energy is broken at macroscopic 
level for mixed quantum states. 

Here, we derive some approximation of the Dirac equa- 
tion for a hydrogen atom in the Earth gravitational field. 
It is well known that the interval in a weak central sym- 
metric gravitational field can be written as 
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(dx 2 + dy 2 + dz 2 ), 
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where G is the gravitational constant, c is the velocity of 
light, M and R are the Earth mass and radius, respec- 
tively. Let us introduce the proper local coordinates and 
time, 



z'= 1-^ U t'= 1 + ^ t 



where the interval has the Minkowski form, 

(ds'f = -{cdt') 2 + {dx'f + {dy'f + {dz'f. 



(2) 



(3) 



In this case, we can approximately write the Dirac equa- 
tion in the proper coordinates and time as 

<W » - e 2 

ih— = H'^', H = cap' + f3m e c , (4) 

or r 



where a and /3 are the standard matrices, vector r' is 
characterized by coordinates (x',y',z'), p' = —iHd/dr'; 
m e is the bare electron mass, e is the electron charge. 

The next two steps are to take the non-relativistic 
Pauli approximation of Eq. (4) and to rewrite it in terms 
of the coordinates (x,y,z) and time t. As a result, we 
obtain the following non-relativistic Hamiltonian, which 
contains couplings of the Earth gravitational field with 
kinetic and potential energies of an electron: 



^•j where the third term in Eq.(7) gives zero in accordance 
with the quantum virial theorem Therefore, we con- 
clude that the equivalence between gravitational mass 
and energy survives at a macroscopic level for stationary 
quantum states. In other words, in this case the expec- 
tation value of gravitational mass is equal to the total 
energy, divided into c 2 . Let us discuss how Eqs.(5),(6) 
break the equivalence between gravitational mass and 
energy at a microscopic level. First of all, we pay at- 
tention that the gravitational mass operator (6) does not 
commute with electron energy operator in the absence of 
gravitational field. This means that, if we create a quan- 
tum state of a hydrogen atom with definite energy, it 
will not be characterized by definite gravitational mass. 
In other words, a measurement of gravitational mass in 
such quantum state may give different values, which, as 
shown, are quantized. 

Here, we illustrate the breakdown of the equivalence 
between gravitational mass and energy at a microscopic 
level, using the following thought experiment. Suppose 
that we create a quantum state of a hydrogen atom with 
definite energy in the absence of a gravitational field and 
then adiabatically switch on the gravitational field (1). 
More specifically, at t —> — oo (i.e., in the absence of 
gravitational field), a hydrogen atom is in its ground state 
with wave function, 



H 



2m e 
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(5) 



where we introduce electron gravitational mass operator, 



\2m e r J \ 2m e . 



- )/<?. (6) 



Note that the first term in Eq.(6) is the bare electron 
mass, m e , the second term corresponds to the expected 
electron energy contribution to gravitational mass op- 
erator, whereas the third non-trivial term is the virial 
contribution to gravitational mass operator. It is impor- 
tant that a comparison of Eqs.(5),(6) with Refs. 12, Tij ] 
shows that the suggested above approximated method of 
a derivation of the Dirac equation in a curved spacetime 
disregards only tidal effects [13] . 

Suppose that we have a macroscopic ensemble of hy- 
drogen atoms with each of them being in a ground state 
with energy E%. Then, it follows from Eq.(6) that the 
expectation value of electron gravitational mass is 



*i(r,t)=* 1 (r)exp(-iE 1 t/h) , 



(8) 



whereas in the vicinity of t = [i.e., in the presence of the 
gravitational field(l)] it is characterized by the following 
wave function: 



(9) 



[Here, ^ n (r) is a normalized wave function of an electron 
in a hydrogen atom in the absence of a gravitational field, 
corresponding to energy E n [HI .] 

As it follows from Eqs.(5),(6), adiabatically switched 
on gravitational field corresponds to the following time- 
dependent small perturbation: 



U(r,t) = 0exp(Ai) 



(10) 

where A — > 0. The standard calculations by means of the 
time-dependent quantum mechanical perturbation the- 
ory give the following results: 



ai(t) — exp 



i(j)Eit 



(11) 



-E 1 /c 2 



2m„ 



/c 2 = m e +Ei/c 2 



(7) 



a„(0) = - 



V n ,l 
C 2 E n - E X 



(12) 
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where 



V„,i = / *;(r)y(r)*i(r)d d r 



with the virial term being 



V(r) = 2 



2m e 



e 
r 



(13) 



(14) 



[Note that the perturbation (10) is characterized by the 
following selection rule. Electron from 15 ground state 
of a hydrogen atom can be excited only into nS excited 
state.] 

Let us discuss Eqs.(ll)-(14). It is important that 
Eq.(ll) corresponds to the well-known red shift of atomic 
ground state energy E± in the gravitational field (1). On 
the other hand, Eq.(12) demonstrates that there is a fi- 
nite probability, 



that at t = electron occupies n-th energy level. In 
fact, this means that measurement of gravitational mass 
(6) in a quantum state with definite energy (8) gives the 
following quantized values: 



m g e (n) =m e + (E n -Ei)/c 2 



(16) 



with the probabilities (15) for n ^ 1. Note that, although 
the probabilities (15) are quadratic with respect to grav- 
itational potential and, thus, small, the corresponding 
changes of gravitational mass (16) are large and of the 
order of a 2 m e , where a is the fine structure constant. 
It is important that the excited levels of a hydrogen 
atom spontaneously decay, therefore, one can detect the 
above discussed quantization law of gravitational mass 
(16) by measuring electromagnetic radiation, emitted by 
a macroscopic ensemble of hydrogen atoms. 

Below, we discuss a more realistic experiment. Sup- 
pose that a hydrogen atom is in its ground state (8), 

*i(r,t) =^i[{l-(j)'/c 2 )r}exp[-iE 1 (l + 4>'/c 2 )t/h] , 

(17) 

at t = and located in area, where the Earth gravita- 
tional potential is <f>' = 4>{R'), where R' is a distance 
between a hydrogen atom and center of the Earth. Sup- 
pose that a hydrogen atom is supported and moved from 
the Earth with constants velocity, v <C ac, where ac is 
a characteristic electron velocity in a hydrogen atom. In 
this it follows from Ref. [7], the extra so-called 

" gravimagnetic" contributions to the Lagrangian [and, 
thus, to the Hamiltonian (5), (6)] are small in an inertial 
system, related to a hydrogen atom. Therefore, time de- 
pendent perturbation for the Hamiltonian in the above 
mentioned inertial coordinate system can be written as 



2m e 



(18) 



In this case, the time-dependent quantum mechanical 
perturbation theory gives the following solution for elec- 
tron wave functions: 



*(r,t) = a„(t)*„[(l-07c 2 )r] exp[-iE n (l+<f>' /c 2 )t/h], 

n=l 

(19) 

oi(t) =exp| -ijr^j [4>{R' +ut)-<t>(R')]dtj , (20) 



. cj>(R')-^R> + vt) V nA 

a n {t) = 5 ■= — exp(iu} nA t) , 7i 1 , 

c l E n - Ei 

(21) 

where u) n A = (E n — E\)/h. 

It is important that, if the excited levels of a hydrogen 
atom were strictly stationary, then a probability to find 
gravitational mass to be quantized with n ^ 1 in Eq. 
(16) would be 



- _ [4>(R')-4>{R' + vt)] 2 ( Vn,l 



(22) 



In reality, the excited levels spontaneously decay, there- 
fore, it is possible to observe the quantization law for 
gravitational mass (16) indirectly by measuring elec- 
tromagnetic radiation from a macroscopic ensemble of 
the atoms. In this case, Eq.(22) gives a probability 
that a hydrogen atom emits a photon with frequency 
^n,l = (E n ~ Ei)/h during time interval t [16J. 

Let us estimate the probability (22). If the exper- 
iment is done by using satellite, then we may have 
\4>{R' + ut)\ <C \(/)(R')\. Under such condition equation 
(22) coincides with Eq. (15): 



Pn 



2 (i?') 



E n — E\ 



0.49 x 10 



-18 



E„ — Ei 



(23) 

where we use the following numerical values of the Earth 
mass, M ~ 6x 10 24 kg, and its radius, R ~ 6.36 x 10 6 m. 
Note that, although the probability (23) is small, the 
number of photons, N, emitted by macroscopic ensemble 
of the atoms, can be large since the factor V 2 1 /{E n — Ei) 2 
is of the order of unity. For instance, for 1000 moles of 
hydrogen atoms the number of emitted photons is esti- 
mated as 



N(n -> 1) = 2.95 x 10 s 



E n — El 



(24) 



which can be hopefully experimentally detected 1(| IH ■ 
In particular, the number of emitted photons for the 
quantum transition 2S — > 15 is equal to 



N(2 -4- 1) = 0.9 x 10 8 



(25) 
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Note that the experiments on a detection of photons (22)- 
(25) have to be done at low enough temperatures, where 
the number of temperature activated electrons is negligi- 
ble. This seems not to be a very difficult problem due to 
exponential dependence of their number on temperature. 

To summarize, we have shown that gravitational mass 
of a composite quantum body is not equivalent to its en- 
ergy due to quantum fluctuations and suggested exper- 
imental method to detect the corresponding difference. 
This clear demonstrates inequivalence of gravitational 
mass and energy at a microscopic level. On the other 
hand, we have shown that the expectation value of grav- 
itational mass of an ensemble of hydrogen atoms in their 
ground states is equal to Ei/c 2 per atom. In this context, 
we would like to make the following comments. First of 
all, we stress that, for mixed states, the expectation value 
of gravitational mass can be oscillatory function of time 
even in case, where the expectation value of energy is 
constant. Indeed, as it follows from Eq.(6), for electron 
wave function, 

*i j2 (r,t) = ^[9 1 (r)exp(-iE 1 t) + 9 2 (r)exp(-iE 2 t)], 

(26) 

which is characterized by the time independent expecta- 
tion value of energy, < E >= (Ei + E 2 )/2, the expecta- 
tion value of grav itational mass is the following oscilla- 
tory function [171 ] : 



< ml >= m 



Ei + E 2 Vi : 2 
2c 2 



■ cos 



{E x - E 2 )t 



(27) 



Note that Eq.(27) directly demonstrates inequivalence 
between gravitational mass and energy at a macroscopic 
level. In the latter case, only the averaged over time 
expectation value of gravitational mass of a composite 
quantum body is equivalent to its energy. It is impor- 
tant that gravitational mass oscillations (27) is of a pure 
quantum mechanical nature and do not have their clas- 
sical analog. In this context, we pay attention that the 
averaging procedure of oscillations (27) has completely 
different physical meaning than the averaging procedure 
in a classical case, discussed in the beginning of the Let- 
ter. We hope that oscillations (27) can be experimentally 
discovered in the future, despite the fact that the atomic 
state (26) spontaneously decays with time due to emis- 
sion of photons. 

In conclusion, we pay attention that all suggested in 



the Letter phenomena are very general and due to non- 
zero curvature of a space in the presence of a gravitational 
field. In particular, electromagnetic energy scale disap- 
pears from Eqs.(22)-(25). Therefore, we expect that the 
analogous effects may exist if we consider a nucleus or an 
elementary particle in an external gravitational field. 
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